We derive a set of new consistency conditions for the pion-pion scattering amplitude. These conditions hold for any s, t, u in the cube, 0 5 s, t, u 2 P2, with the four external mass variables off -mass -shell and restricted such that 4:. = 0, qt = s, 432 = t, and c$ = u. Using these consistency conditions, we determine the coefficients of the power series expansion of the pion-pion amplitude up to and including second order terms in the variables s, t, u, and c$ . We use this expansion to calculate the pion-pion S-wave scattering lengths and thus check the consistency of Weinberg's recent calculation of these numbers to one higher order. The final result is to within 10% the same as that obtained by Weinberg.
Weinberg's result does not follow from current algebra alone. The restrictions given by current algebra and PCAC on the 'sir amplitude give us information at unphysical points and unphysical external masses. The problem is to extrapolate these results to the physical threshold. This is relatively easy in the case of TN scattering where there is a small number, p/M, and where one neglects terms of order p2/M2, etc. For ~7r scattering there is no such number. What
Weinberg does to effect an extrapolation is to expand the amplitude in a power series of s, t, u, and the external mass variables, , i = 1,2,3,4, and keep terms only up to first order in these variables. One can then determine the three coefficients in the expansion from Adler's consistency condition and a low energy theorem for TX scattering. Once the coefficients are known one assumes the expansion is still good up to threshold and calculates the scattering lengths.
Such a method of extrapolation is rather dangerous. It is known that the expansion used is divergent at threshold. One can get around this difficulty by assuming that the unitarity branch point is a weak singularity which allows us to use the expansion at least as an asymptotic expansion up to and maybe a little beyond threshold. Since Weinberg gets small scattering lengths in the end his argument is self-consistent, but it does not in fact prove that the scattering lengths are indeed small. Even if one accepts the asymptotic nature of the expansion one does not a priori know at what order does it give a good approximation -2-" to the amplitude near threshold.
There is no a priori reason for example to 2 assume that the second order terms, s , st, u2, etc. are smaller than the first order terms.
One would feel much more at ease with Weinberg's results if one is able to calculate these higher order terms and compare them with the lower order ones. This becomes even more pertinent when we recall that the results of Ref. 1 give much smaller scattering lengths than had been expected from previous arguments.
In this paper we shall derive a set of new consistency conditions on the XJT amplitude that hold in addition to the Adler' consistency condition. We shall then use these consistency conditions to determine the coefficients of the expansion of the 7rr-amplitude to second order in the variables s, t, u, and q; . The remarkable result is that the second order terms turn out to be negligible and Weinberg's results are essentially unchanged within our approximations.
Adler has derived consistency conditions on 7iN and 7ri~ scattering which hold with one pion taken off-mass shell. 2 If one tries to derive a consistency condition for nN scattering with two pions off the mass shell then one has to estimate the matrix element of a scalar density between two nucleon states. In the case of err scattering it turns out that one can essentially eliminate the matrix element of the scalar density between two single pion states and get new and stronger consistency conditions. The main new tool that one needs to do this is to know the equal time commutator of the asial vector charge with the scalar density. There are several ways to do this all leading to the same answer -3-for our purposes. One can use directly the commutators of the axial vector . charge with the scalar densities, u., 1 and the pseudoscalar densities, v., given 1 by Gell-Mann. 4 We can then use the densities vi, i = 1,2,3, as an interpolating field for the pidn. It is reasonable to assume that these pseudoscalar densities are smooth interpolating fields like 8 A! CL 1 and allow us to make extrapolations off the mass -shell of the order of the pion mass without introducing large errors.
In fact in some models like the quark-model (or the o-model), a,Ay is just proportional to vi. In a general quark model a A! is proportional to vi plus P 1 SU(3) breaking terms. Anyway, no one ever proved that aPAy was a good interpolating field. This was just verified by experience starting with the success of the Goldberger-Treiman formula.
In the same way one can only verify whether vi are good interpolating fields by the results of using them as such. One can easily see, for example, that the Adler.consistency condition for nN scattering follows also from using vi as an interpolating field for one of the pions and aPAy for the other and the commutation relation (1).
If one does not like to introduce a new interpolating field one can get results identical to ours in the following way: First, one uses the commutator of Ay(z,t) with 8 A! P .l to define a scalar density. One assumes this scalar density is a local field. To compute the commutator of the scalar density with the axial charge one uses the Jacobi-identity to get a result essentially identical to our Eq. (2'). In this way one would just have to replace Vi by aPAy wherever it appears in our paper and the results will be the same.
In Section II we shall derive a new consistency condition on RYT scattering with two pions taken with zero external mass. We also show how one can get
Adler's consistency condition using our methods. These two cx,nsistency condi- 
and A:(x) is the usual axial vector current. In a quark model ui and vi are given by ui = ; t hit ; vi = -kt-y5hit, i=O,1,...,8.
Most of the results obtained from PCAC or current algebra follow from using 8 A'
The success of PCAC P a as an interpolating field for the pion. strongly suggests that 8 A' CLQ! is a good interpolating field in the sense that it allows us to go off the mass shell by an amount of the order of the mass of the pion without introducing large errors. One can also use vcr, a! = 1,2,3, as an interpolating field for the pion. This would not make any fundamental difference for the results derived in this paper, but it will we think make certain points clearer. We would expect va! to be also a good interpolating like a,A", since in models like the quark model4 8 Al-L P Q! is proportional to V~ plus SU (3) breaking terms. (I n one specific quark model where the symmetry breaking
Hamiltonian is proportional to u 8' a A' is proportional to va! for or = 1,2,3. ) /A a
The only problem with using vat is that we do not know its normalization to the one pion state. We shall see how we can get around this problem by using Eqs .
(1) and (2) together and getting a relation in which the unknown normalization of the va! *s is cancelled by the unknown ~7r scalar vertex.
-6-Since in this paper we shall deal only with pions , i, j , k = 1,2,3, we simplify Eq. (1) and Eq. (2) by first defining the scalar density o(x) as u(x) E& uo+J-U8.
Then instead of Eq. (1) and Eq. (2) we have
These last two commutation relations are the only ones we shall use in this paper. We should perhaps remind the reader that Eqs.
(1') and (2') are also true in the o-model if one identifies vol with the unrenormalized pion field and (r with the unrenormalized u field. We stress here that our final results will not depend on the (T field or its matrix elements.
As we mentioned in the introduction one can avoid using the va! Is and use 
We define the normalization constant, aT , of the va! field as
In our reduction formulae we shall make both the replacements
. .
If we identify var with apAL as in Ref. 3 , then in that case ax = c,mi . In that case Eq. (1 ) and Eq. (2 ) will remain unchanged with (T replaced by some (T'. Since we are only interested in the relative normalizations of vcll and u we shall not worry about cases where a, is zero and deal with a* as if it were
finite. This will not affect our final answers.
Our first step is to relate a, to the un7r vertex by the usual Fubini-Furlan trick. 6 We write
From LSZ we can express f (T as
This is an identity as k2 -p2 and the usual PCAC tells us that f U is a slowly varying function as k2 varies from k2 = p2 to k2 = 0. Integrating Eq. (10) by parts we get the identity 6 a@ fU(q2, k2; (q-k)2) cal.L2 P*) 3/2 Jig- (11) -i& 2 -8-
In the limit as k CL -0 the first term on the right is zero. The second term using Eq. (2 ) gives as k P -0 and q re*mains on shell, fQ12> 0; p2) = -a9/cr (12) where the first two variables in f o always refer to the external masses of the pions in the n?17r vertex and the third variable is the momentum transfer variable.
The constant ar was defined in Eq. (6) To get our consistency condition we define the off-mass-shell invariant n7r
amplitude by .
= b2 -.qz )(p2 -q; )$""x ewiqlox < ~~(44) IT(aP*$x)vy(0))l rp(q2) >
Here qi = 942 = p2 and will not be varied in this section. As qi -p2 and 2 2 4y--+ 9 M as defined in Eq. (13) 
We now let both q1 -0 and q3 -0. The first term will be zero and the second term will after using Eq. (2 ) and Eq. (9) give us, 
We shall justify this approximation in detail at the end of the next section. As far as varying the external mass variables are concerned this is just the usual PCAC assumption. Varying the third variable, i.e. -the one in the u channel, could be more dangerous and we shall study it in detail later. it is known to be divergent at threshold. Weinberg gets around this difficulty by assuming that the unitarity branch point is a weak singularity which allows him to use Eq. (23) at least as an asymptot.ic expansion up to and somewhat beyond . threshold.
Since he gets small scattering lengths in the end this shows that his argument is self-consistent, but does not prove that the scattering lengths are indeed small.
The strong consistency condition which we shall obtain in the next section will enable us to calculate the coefficients of the power series expansion up to second order in s, t, u, and qf2 . The remarkable result is that all the second order coefficients are not only small but also negligible within our approximation.
III. A GENERAL COK%STENCY CONDITION ON THE PION PION AMPLITUDE
In this section we shall extend our method to get a general consistency condition on the TX amplitude which gives restrictions not only at one point in the six dimensional space of the TX scattering off-shell variables, but in a three dimensional region.
-13 -We write for the off-shell X-X amplitude the following reduction formula If we integrate Eq. (27) by parts we get the identity i (W4 will + 92 -43 -q4) M <cf& q3x q,P, qlQI) a; CR2
. d4x4 S(X~ -x4 exp(-iq1 l x1 -iq2. x2; iq3; x3 + iq4 * x4) (xl), vp(x2) 1 0 ' --permutations of the last term over the v's.
In the limit q1 -0 the first term in Eq. (23) vanishes. The other three terms, after using the equal time commutation relation, Eq. (l'), will give us three terms proportional to the u7rr vertex. 
Then as, a function of k2, for fixed (q-k)2, go has a pole at k2 = p2 and the residue of that pole is just f"ib2, p2; s), where s z (q-k)2. The PCAC assumption tells us thatfor 0 < k2 < p2, and s fixed and small, the pion pole term dominates over contributions from other singularities in the k2 plane. We get g"b2,k2; s) = f"oJ2 ,lJ2; q k2-p2 ' 0zk2(p2 . There seems to be no evidence for a narrow (I' < 100 MeV) u particle with mass lower than 600 MeV.' Thus we can also neglect the correction term in Eq.
(43). The only possibility left is for a very broad 7r"i~ resonance in the region below 600 MeV. But the effect of such a broad resonance (I'> 200 MeV) on the slope of f uat s = 0 will be very similar to that of a large scattering length which we have already shown does not affect our results appreciably.
The consistency condition in Eq. (34) can now be written as A (s,t,u; q; = 0, q;=s, q;=t, qi=u) = -s); 0 zs,t,u 2 p2 ; B (s,t,u; qf = 0, q;=s,
c (s,t,u; 9; = 0, q;=s, q;=t, q;=u) z r.
As we have mentioned earlier these consistency conditions are much stronger than the usual ones which hold only for one point; these hold for any s, t, u that lie in the cube 0 < s, t, u 5 p2, if the masses are restricted as in (44).
IV. THE POWER SERIES EXPANSION OF THE PION PION AMPLITUDE
We use the consistency condition (44) to calculate the ~7r amplitude up to second order in the variables s, t, u and qfO
We expand A, B, and C in a power series of the variables s, t, u, qp, where u = c q; -s-t. To second order in these variables, crossing symmetry and Bose statistics require the expansion to take the form 2 2 2 2 A@, t, u; qls q2> q3, q4) and that one is h which as we mentioned earlier we expect to be small.
In order to estimate the scattering lengths ao, and a2 we need to assume that the expansion in (45) is at least numerically good up to s = +2. In extending s -+ * 2 we shall keep track of the correction terms in (42) in order to make sure that they do not make important contributions.
If we keep the correction terms from (42) in the consistency condition (44),
'then instead of (47) we obtain for the coefficients a = ad" c=-l l-I_ c2 ( ) 3n ' 7r (48) and d=O; e=g=-h .
We have mentioned earlier that h must be small compared to the dominant lower order terms. This indeed has to be so if we are to be consistent with the approximation used in ( 3 7) At the end of this section we shall write down a sum rule for h and discuss its magnitude further, however it is clear that to be consistent with our approximations on f "earlier we must neglect h. We can now compute the scattering lengths.
The S-wave scattering lengths are related to our expansion coefficients by 
In closing we shall write a dispersion relation for the forward nor0 -+ n"7ro amplitude F and show how it can be used to give a sum rule for h. It is more convenient to use the laboratory energy v instead of s as a variable, where
For t = 0 the expansion for F(v) for physical masses, keeping h, is
This expansion is good, even convergent, for 1 I v < ~1 0 We note that at the points v = t i p/$%, F(v) is through (58) given by-p"/cz and not dependent on h.
We can therefore write a twice subtracted dispersion relation for F(v) and if we choose the subtraction points to be v = * i p/& , the subtractions will not depend on h. We get
P iv -25 -
The expansion (58) is certainly good at v = 0, and it gives F(0) 2 -p2/c; -I-6 b4 .
We see that 6h,u4 is just the difference between F(v = 0) and F(v = ip/&).
Our assumption is that this is small compared to the value of F at either of these two points. Comparing (60) with (59) 
We recall that F is the physical forward fully symmetric amplitude and only I = 0 or I = 2 contribute to ImF.
The first thing we learn from (61) is that h is negative; ImF in our normalization is negative. The contribution of resonances like the f" to h through (61) will certainly be negligible for our purposes, so will that of any -26 -1
There is one contribution to (61) which might be dangerous and whose effect
we can approximately check. Namely, the contribution from ImF(v ') near threshold that are related to the P = 0, I = 0 scattering length. This will give a contribution proportional to at from the low energy part in (61) and that when substituted in (53) will change the functional form of our resulting equation for a oD To make sure that this will not appreciably change our results
we divide the integration range in ( 
If we ignore the second term in (62) and assume it to be a fraction of ,u2/ct z 8Tr/9, we obtain on substituting (62) The other root is ridiculously large, -1 a 0 = lop , and clearly unphysical. The latter root will also give a very large value for a 2'
